
 

 

 

The observation of tolerance in social network models 
 

Kristen Lund 

Advisor: Yu Zhang 

 

Abstract 
 In dynamic social networks, agents are able to make and break connections 

with neighbors to improve their payoffs. Rules have recently developed which 

help agents evaluate their neighbors and decide whether to break a connection. 

These rules have introduced the idea of tolerance in dynamic networks by 

allowing an agent to maintain a relationship with a bad neighbor for some time.  

 In this research, we investigate and define the phenomenon of tolerance in 

dynamic social networks, particularly with the Highest Rewarding Neighborhood 

and Highest Weighted Reward rules. We define a mathematical model to predict 

an agent's tolerance of a bad neighbor and determine the factors that affect it. 

After defining a general version of tolerance, we explore ideas such as an 

optimal tolerance and provide situations in which tolerance can be used as a tool 

to affect network efficiency and network structure. Tolerance of other agents is 

an intuitive human behavior, and its presence in social network models suggests 

that the development of social interaction rules among agents shows qualities of 

human interactions that exist in real life. 

 

Introduction 
 Multiagent systems have become increasingly useful in the modeling of social networks, and a 

recent development in the study of social networks has been the simulation of dynamic social networks, 

in which agents can choose break off connections or make new connections throughout the course of 

the simulation. In dynamic social networks, several social interaction rules have been developed to 

improve agents' decision-making processes so that they break off connections with agents that are not 

beneficial. In these social network models, some degree of tolerance between agents has been noticed. 

That is, 

using some social interaction rules, an agent may not break off a connection with a harmful neighbor. 

We define tolerance as such: 

 

Definition 1: Tolerance is the description of an agent's willingness to maintain an unstable connection 

with some other agent.  

 

Definition 2: We call an agent that chooses to maintain an unstable connection for n turns 

 n-tolerant.  

 

Definition 3: We define a stable connection as a connection which, given that nothing changes, will 

never be broken. 

 

 The primary goal of this study is to develop a full understanding of tolerance in social networks 

and its effects. We will first provide models to predict tolerance in several social networks. Once these 

have been established and confirmed, our goal will be to develop further conclusions about tolerance in 

social networks: we will compare the developed models and study the effects of tolerance in social 



networks to develop an understanding of how control of tolerance in a dynamic network can be used. 

 Tolerance is a concept intuitively present in real social networks, and by studying the causes and 

effects of tolerance in social network models, it can be consciously used in the development of new 

social interaction rules, rather than simply being a side effect of many rules with no determined cause. 

 

Related Work 
 

This problem was inspired by the experiments of Wayne Wu and Jason Leezer. Their work, sponsored 

by an earlier REU, focused on the development of new rules for a dynamic social network. Leezer 

defined the Highest Rewarding Neighborhood Rule (or HRN rule)[7]: 

 

Definition 4: (HRN) According to the Highest Rewarding Neighborhood rule for social interaction, an 

agent maintains a relation with another agent if and only if the average reward earned from that 

relationship is no less than a specified percentage (called the threshold, τ) of the average reward earned 

from all of the agent's relationships. 

 

 This creates a “high rewarding neighborhood” as described by Leezer, and the ability of an 

agent to add and drop connections results in cooperating neighborhoods in which all agents play 

Pareto-optimal strategies. 

 However, Wayne Wu noticed that this rule allowed distant results to affect an agent's decision-

making ability just as much as more recent decisions, an unrealistic detail.  This flaw prompted a 

modified version of the HRN, called the Highest Weighted Reward rule (or HWR rule)[14]: 

 

Definition 5: (HWR) According to the Highest Weighted Reward rule, an agent will maintain a 

relationship if and only if the weighted average reward earned  from that relationship is no less than a 

specified percentage (called the threshold, τ) of the weighted average reward earned from every 

relationship. 

 

What is interesting to this project is how it changes the tolerance of the agents from the 

tolerance seen in Leezer's project. The inclusion of a weighted discount of previous interactions means 

that an agent's history is less important, so the weight could benefit agents that have not cooperated in 

the past but now cooperate, while punishing agents that have a history of cooperation that then choose 

to change their strategy. 

 Notice that the concept of tolerance requires a dynamic network, as it revolves around the idea 

of an agent's willingness to break connections. The phenomenon of network tolerance is very recent, as 

dynamic social networks have only been used recently. However, the history of tracking phenomena in 

social networks is quite significant. Example areas include the observation of community structure in 

networks and the study of the relationship between stability and efficiency in networks[9][6]. 

 One critical tool in the study of tolerance in dynamic networks is economic game theory. We 

use 2-player, 2-option games to develop 2x2 payoff matrices so that utility may be easily calculated. 

There are many options for economic games, but we will certainly use at least the Pure Coordination 

Game and the Prisoner's Dilemma[11]. For the Pure Coordination Game, if two agents agree, they 

receive a higher payoff than they would if they disagreed. A sample payoff matrix would be: 

 

 Cooperate Defect 

Cooperate (1,1) (0,0) 

Defect (0,0) (1,1) 



 

 

For the Prisoner's Dilemma, the game is more complex than pure coordination, since the best benefit 

for a player causes harm to the other. A sample payoff would be: 

 

 Cooperate Defect 

Cooperate (-0.5,-0.5) (-10,0) 

Defect (0,-10) (-5,-5) 

 

 However, it is important to note that agents do not have any knowledge of the payoff matrices 

of any games that they play. Instead, they learn the results of their actions through experience and 

observation of others. A game is applied to a social network in order to induce some sort of result (in 

our case, generally a dynamic network in which the nodes seek to optimize relationships). It is 

important then to understand social laws and social conventions[11]. 

 

Definition 6: A social law is a restriction on the set of actions available to the agents. A social law 

stricter than the game itself creates a sub-game in which the actions of an agent are further restricted.  

 

Definition 7: A social convention is simply a social law which restricts an agent's behavior to only one 

particular strategy.  

 

 By applying Individual Behavior Rules and Social Interaction Rules, we seek to reach such a 

social convention as one action becomes the optimal result. 

 The main problem with tolerance in scholarly work is that it is used by many groups to mean 

many different things. In this review, there are three main definitions of “tolerance,” and only one of 

these completely corresponds to the tolerance which we wish to investigate. The first of these 

definitions of tolerance was described by sociologists as an individual's acceptance of others that differ 

from the given individual's norm or culture. This definition was implied in the use of a tag which 

defined tolerance in a multi-agent system designed to study the emergence and maintenance of 

cooperation in evolving populations[10]. Each agent had a tag with two traits: a trait τ in [0,1] and a 

tolerance threshold T ≥ 0. The more tolerant an agent was, the more willing it would be to cooperate 

with agents with different traits. This was calculated by having an agent A cooperate with another agent 

B if and only if |τA - τB| ≤ TA. This idea of tolerance is evident in real life, and certainly interesting, but 

it is not what we first seek to define. However, this idea is still interesting and may be considered later 

in the project. 

 The next definition of tolerance is found in articles by psychologists and primate behaviorists 

that discuss the level of “tolerance” in primates[1,4,5,8,12]. Unfortunately, none of these papers 

seemed to provide an explicit definition of tolerance, perhaps accepting that it is part of the 

psychological/behavioral vocabulary that its readers should know. It is pretty clear, though, to ascertain 

that tolerance is referred to as willingness to cooperate (measured, typically, in willingness to share 

food)[5]. This definition is surprisingly un-intuitive, but the majority of papers found on tolerance have 

been in this field, using this definition. They generally center around the comparison of chimpanzees 

and bonobos, the closest phylogenetic neighbors to chimpanzees[1]. Bonobos differ in that they show 

more relaxed social relationships and maintain trusting behavior that is generally referred to as 

youthful.  Most papers refer to the “emotional-reactivity hypothesis,” which predicts that bonobos will 

cooperate with each other more successfully because of the bonobos' more relaxed social relationships 

(including higher tolerance of sharing food). In experiments, this has shown to win over the “hunting 



hypothesis,” which emphasizes the fact that chimpanzees have been observed hunting cooperatively for 

longer[1]. 

 One experiment, however, does discuss „social reversal learning,' which matches to our 

definition of tolerance[12]. This experiment included two people, one which would have food and 

another that wouldn't. One person would consistently have food every time, and the chimpanzees and 

bonobos would learn to go to that person for food. Then, when the opposite person had food instead, 

the number of 'turns' that the monkeys spent going to the original person for food was recorded. Just as 

bonobos were more tolerant of sharing food (attributed to juvenile behavior that was retained into 

adulthood), bonobos were also slower to switch people -- much like an agent choosing to maintain a 

connection with an uncooperative neighbor. The study speculated that this 'social reversal learning' and 

the food tolerance which they discussed had the same source in the bonobos. This would suggest that 

the tolerance modeled in this study is very related to the tolerance studied in bonobos. 

 The definition of tolerance we provide does exist in scholarly literature: psychologists have 

defined tolerance as “acceptance of the inevitable stresses and strains of relationships” in studying 

tolerance in humans at college institutions[2]. By studying the demographics of roommate 

reassignments in several universities, surveys of perceptions of roommates, and running experiments 

involving the manipulation of friendship beliefs, this study suggests that males are more tolerant than 

females. This paper is mostly interesting for its similar use of the term 'tolerance,' as an explicitly male-

vs-female model is most likely not going to exist in this project. 

 The existence of academic literature on tolerance shows an interest present in fields of social 

psychology. We hope to apply these social-psychological ideas to a multi-agent system approach 

toward the study of dynamic social networks. 

 

Models of Tolerance 
Here we describe the models that have been developed over the past weeks for the HRN and HWR 

rules. 

 

Highest Rewarding Neighborhood 

As proposed by Sean Hallinan, we began with the sequence Rc to define the Highest Rewarding 

Neighborhood: 

 

Notice, however, that we slightly changed this model: where Sean Hallinan defined the base case as 

rij(n), we define it as rij(k) in order to clarify the solution and prevent mistakes that were made in his 

work that were caused by an unclear definition of n. 

 In order to develop a continuous approximation of this sequence, we include discrete timesteps 

Δc in [0,1] in order to get 

 

 

 Distributing and subtracting all of the Rc terms on the left side, we then get that  

 

 

 We then isolate 



  

and by taking the limit as  Δc → 0, we get the differential equation 

 

 Through integration, we come to the continuous equation 

 

 Notice that in the evaluation of agents in the HRN model, a connection is broken between 

agents i and j if and only if  

 

where τ is the predetermined threshold value. This is equivalent to saying that  

 

 

We can then solve the inequality for c: 

 

Thus, the n-tolerance for some agent i toward j in N(i) can be defined as 

 

 

Highest Weighted Reward 

The Highest Weighted Reward model serves as a generalization of the Highest Rewarding 

Neighborhood rule in which a weight (Wayne Wu called it c, but in order to enforce uniformity in the 

comparison of the HRN and HWR models, we call it ω) is added to past rewards so that the current 

rewards are most important. For two agents i,j, that have been good neighbors for k turns and 

have changed to an unfair strategy for c turns, we define a sequence 

 

 

This is incredibly messy; fortunately, however, a continuous definition is intuitively: 

 

The series involved in these equations are geometric series, and are easily simplified. We choose to first 

define them in series form in order to give an idea of the origins of the formula and to provide a version 

that, when ω = 1, produces the HRN model. Since, for a geometric series, if r ≠ 1, 



 

we can apply this to our definition of R(c) to get 

 

 

Like in the HRN rule, a connection is dropped between agents i and j if and only if  

 

where τ is the predetermined threshold value. If we solve for c in  

we get that 

 

 

Furthermore, we can verify this model by setting ω = 1. Clearly this does not work immediately, since 

we simplified most of the geometric series using the assumption that ω ≠ 1. However, through the 

application of l'Hôpital's rule, we get that 

 

 

 

 

which is exactly what we would expect! 

 So for the HWR rule, the n-tolerance for some agent i toward j in N(i) can be defined as 

 

 

Stability of Connections 

One of the main interests of study in social networks is the idea of stability. Here, we define a given 

connection between two agents as stable if, assuming all agents' actions remain the same, 

the connection will not be broken. As stated before, for a connection to not be broken, it must be that  

 

 



We now must modify this so that, for stability,  

 

 

This condition is the same for both the HRN model and the HWR model (for simplicity, we can call 

R(c) the reward for the HRN model, and Rω(c) the reward for the HWR model). Our problem then 

becomes 

 

and 

 

 

The limit of both R(c) and Rω(c) is G, so we can then say that as long as 

 

 

for either the HWR or HRN model, the connection between two agents as stable. 

 

 

Experiments and Preliminary Results 
 

Percent Error 

 Experiments quickly showed that the model developed isn't perfect. Although generally correct, 

it has about 7 percent error, and it would generally fail by a margin of < 0.2. This is easily explainable 

when taking into consideration the assumptions made in the development of the model. The largest 

assumption made is that the average total reward does not change between times k and c. 

 The change in average total reward is usually slight enough that this assumption is acceptable, 

but it is impossible to control the total reward an agent receives in this experiment, and large changes in 

the average total reward render our model incorrect. In order to confirm that this is the primary cause of 

error in the model, we study the trends in percent error alongside the trends in the change in average 

total reward. 

 It is difficult to track a clear relationship with error in an experiment with so many random 

elements; however, there was a very noticeable trend when comparing the change in threshold to the 

change in percent error.  



 

 Clearly something about a high threshold leads to a more predictable system, and the percent 

error peaks around  τ = 0.5.  With this in mind, we now look at the relationship between 

threshold and change in average total reward: 

 

 This parabolic trend is much more defined than the relationship between threshold and error, but 

it follows the same basic relationship. From this and other experiments in which trends were 

comparable, we feel secure in saying that the assumption that the average total reward does not change 

between times k and c is the primary cause of error in the given models of tolerance. 

 

Unexpected effects on tolerance and their causes 

 In testing the tolerance model, we came across variables that had an unexpected effect on n-

tolerance, such as network size and neighborhood size. However, this can be explained by looking at 

the effects that these variables have on the random, uncontrollable elements of the model. For example, 

look at the relationship between n-tolerance and neighborhood size in a network of 1000 agents with a 

weight of 0.9: 
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 There is a clear upward trend in average n-tolerance as neighborhood size increases. This is 

initially concerning, since there is certainly nothing in the tolerance model to suggest that n-tolerance 

depends on neighborhood size! However, neighborhood size does affect the reward that agents receive. 

 

 

  

 This is intuitively reasonable when considering the effects of neighborhood size. With a larger 

number of connections, there is a greater chance of having bad connections which are not broken due to 

having a broader average total reward (as there is a larger sample size). Thus, average total reward 

gradually decreases and n-tolerance increases as neighborhood size increases. Our model, however, 

looks at the specific tolerance in a given situation, rather than the average n-tolerance over the entire 

network, so such an effect is reasonable.  

 

Effect of threshold τ on tolerance 

 As the threshold increases, the average n-tolerance in a social simulation decreases. This 

relationship makes sense when considering that the condition for breaking a connection is for  
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Effect of weight ω on tolerance 

 

 As the weight on past rewards increases in this experiment, agents begin to value their 

neighbors' past actions more strongly. This means that n-tolerance increases as the weight increases. 

 

 The effect of weight on tolerance, however, is much weaker than the effect of the threshold on 

tolerance. This makes sense, as the weight has a smaller effect on the condition for breaking a 

connection. 

 

Tolerance in different games 
 So far, tolerance has only been mentioned with respect to the Pure Coordination Game. While 

this has been helpful in identifying the problem with a simple payoff method, it severely restricts the 

usefulness of the tolerance model. Thus, we introduce a few extra 2x2 payoff matrices from game 

theory to demonstrate the flexibility of our tolerance model. 

 

Brief introduction to games 
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 Note that we use games from game theory to quickly and efficiently produce reasonable payoff 

matrices. This is unnecessary, however: any utility function would suffice. 

 

Pure Coordination Game 

In the Pure Coordination Game, two agents are rewarded when the choose the same strategy, but not 

when they disagree. There is no “better” choice between cooperating and defecting: the strategies an 

agent can choose are basically the same. The Highest Weighted Reward rule was designed with this 

game in mind, but it can be used for more games.  

 

 Cooperate Defect 

Cooperate (1,1) (0,0) 

Defect (0,0) (1,1) 

 

Stag Hunt 

 Suppose two people were hunting together. If they were to both hunt for a stag, they would be 

able to get one by working together. Alternatively, a hunter could also choose to hunt a rabbit for a 

smaller but also definite payoff. If one hunts for a stag and another for a rabbit, the one hunting for a 

stag will have no payoff while the one hunting for a rabbit will have a small, but better, payoff. 

 This game is particularly interesting because there are two Nash equilibria: either cooperate-

cooperate or defect-defect. Cooperate-cooperate is the payoff-dominant strategy, while defect-defect is 

the risk-dominant strategy (meaning that it seeks to avoid risk).   

 

 Cooperate 

(Stag) 

Defect 

(Rabbit) 

Cooperate 

(Stag) 

(2,2) (0,1) 

Defect 

(Rabbit) 

(1,0) (1,1) 

 

Prisoner's Dilemma 

 In the Prisoner's Dilemma, two (guilty) suspects are arrested by the police. However, the police 

don't have enough evidence to convict them of the crime, but have enough information to put them in 

jail for a short period of time on minor charges. Each suspect is questioned separately. If one testifies 

and one stays silent, then the betrayer goes free and the other goes to jail for five years. If both testify, 

both go to jail for four years. Finally, if the accomplices stay silent, each will have only two years in 

jail. Since the agents in our model seek to maximize payoff, the payoff matrix is written in terms of 

years free in the five-year period. The Nash equilibrium in this situation is (defect, defect), but it is not 

the Pareto optimal solution: (cooperate, cooperate) yields the highest overall reward. 

 

 Cooperate 

(Silence) 

Defect 

(Testify) 

Cooperate 

(Silence) 

(3,3) (0,5) 

Defect 

(Testify) 

(5,0) (1,1) 



 

Modifications to the model 

 The model of tolerance becomes slightly more complicated when using games other than the 

Pure Coordination game. Previously, G represented the game played while not cooperating, and G is 

assumed to be a constant throughout the time period c. However, in more complex games, G is not 

constant, as there are different payoffs that can be received while still having an unstable connection. 

Therefore, instead of using the constant G, we use the allocation function γ: action x action → Z that 

gives the appropriate reward from the payoff matrix based off of the agents'  actions ai and bi at 

timestep k+i: 

  

With this modification made, the model works about as well as it did for the pure coordination game, 

with a marginally larger percent error. 

 

Tolerance and strategy 

 

 
 

One experiment compared the level of tolerance to the decision made when playing a game. 

Many agents of different threshold levels were placed in the same simulation while interacting with 

each other and playing the same game. Of course, one drawback to this experiment was the use of the 

Simple Majority Rule, as connections to several high-tolerance agents would change the action of a 

low-tolerance agent, despite a decrease in payoff. However, in the cases that there would be two 

clusters of decisions, there were general trends in the strategy picked based on tolerance level. In 

Prisoner's Dilemma, agents with the lowest tolerance were most likely to defect, though the entire 

network became more likely to defect. The clearest and most striking trend, however, was in Stag Hunt. 

This game is more interesting than Pure Coordination and Prisoner's Dilemma because, like Pure 

Coordination, there are two Nash equilibra, but like Prisoner's Dilemma, there is a striking difference 

between these strategies. Agents with a high n-tolerance, seeking to avoid risk (as they were more 

likely to get a 'bad' partner and not  break the connection), were more likely to defect to select the risk-

dominant strategy. Agents with a very low n-tolerance, on the other hand, sought to maximize payoff 

and therefore cooperated in order to choose the payoff-dominant strategy.  

 



The use of tolerance to induce community structure 
Tolerance was manipulated in order to induce a more realistic form of community structure from a 

random graph in two experiments.  

 

Use of Tags 

 By implementing a tag system, we are able to generate a network similar to the karate club 

network observed by W.W. Zachary. He tracked the relationships in a karate club which split into two 

factions over a few years, and the resulting network has been used widely in social network 

research[9]. In order to obtain this type of structure where there is a mixture of two groups, we include 

a tag for each of the agents that categorizes it as one of two 'types'. An agent's connections remain 

random, but it is considerably more tolerant of those that share its tag type than those that don't. In this 

manner, we can develop an idea of prejudice or preference in a network and divide a graph into two 

intermingled groups. 

 

Friends of friends 

 One way to characterize community structure in a social network is to examine the number of 

triangles that exist (notice that many triangles can be easily identified in Zachary's karate club 

network). Therefore, another experiment written uses tolerance to encourage the existence of triangles 

in network structure. If two agents share at least one mutual friend, they will be much more tolerant of 

each other than otherwise. This way, once triangles occur, there is more incentive to keep them. 

 

Zachary's Karate club network (Image from Newman[9]) 



 
 

Optimal tolerance for network stability 
 Since we can control the average n-tolerance in a network by changing the threshold, the 

problem of setting that threshold to achieve an “optimal” tolerance, if one exists, arises. We must first 

define what we are looking for in an optimal tolerance. We initially considered the idea of selecting the 

level of n-tolerance that would yield the highest reward. However, n-tolerance is partially based on the 

average total reward, and the feedback loop caused by the relationship complicated our results. Instead, 

we focus on the amount of time it takes a network to reach a stable state. 

 

Definition 8: A network is stable if all agents neither change connections or actions. We call an n-

tolerance optimal if there is no n-tolerance that generates a stable network in fewer timesteps. 

 

 Notice that a level of tolerance greater than 1 will never yield a stable network, as all average or 

below-average agents will be dropped each time. Therefore we can restrict the threshold to [0,1].   In 

empiracal results, an n-tolerance of 1.25 to 1.75 tends to be best. This range, strangely enough, is the 

same for all games played, though different patterns arise (see graphs below). None of the current 

results on optimal tolerance, however, have a mathematical base. Development of a model for optimal 

tolerance is therefore left as future work. 

 

 

Conclusions and future work 
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 By developing a mathematical model of tolerance to predict the n-tolerance of an agent, we can 

adjust the parameters of the experiment to control the level of tolerance within a given social 

interaction rule. Although the work here was done only with the Highest Rewarding Neighborhood and 

Highest Weighted Reward rules, this idea could be extended toward any social interaction rule in a 

dynamic network. Such extensions could be made in the future, and comparisons between the tolerance 

models of different rules would be very interesting to see. Along those lines, it would be good to do 

some psychological research to test whether the factors of our model of tolerance match the factors of 

tolerance in people. A comprehensive list of the factors of tolerance in people could then be compared 

with the models of tolerance to test the veracity of the social interaction rules used. 

 Further research could also be done on the idea of an optimal tolerance, though current research 

has not suggested that there is a clear solution. Another interesting possibility for a future problem is to 

study a combination of network phenomena such as stability and network structure. For example, one 

could examine the effect of different levels of tolerance in agents on the structure of the network or the 

efficiency of the network. 
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